Abstract Let M be a closed oriented 4-manifold, with b + > 1 admitting a rank-2 oriented foliation with a metric of leafwise positive scalar curvature. Moreover, suppose that one of leaves is a surface with trivial intersection number. We will show that if the genus bound violates, then the Seiberg-Witten invariant vanishes. Under the same conditions of M , we show that if the Seiberg-Witten invariant is no-trivial, then M does not admit any bundle-like metric.
Introduction
A natural question in Riemannian geometry is: When does a closed manifold admit a Riemannian metric with positive scalar curvature? For the Lichnerowicz formula [6] , we know that A(M ) is the obstruction for manifold admitting a metric of positive scalar curvature. A manifold, with some fixed foliation on it, is called a foliated manifold. We also have the notion of leafwise scalar curvature, which is defined as follows: for any x ∈ M , the integrable subbundle F x determines a leaf F x , such that T F x = F Fx . Then g F determines a Riemannian metric on F x , let scal Fx denotes the scalar curvature of this metric.
By the results given by A. Connes [2] and W. Zhang [14] respectively.Moreover, we know thatÂ(M ) is also the obstruction for the foliation admitting metric of positive leafwise scalar curvature. On the other hand, for oriented smooth 4-manifold, the Seiberg-Witten plays an important role to study the obstruction for manifold admitting some geometric and topological structures. One well-known result is that for a closed oriented 4-manifold with no trivial Seiberg-Witten invariant, then it can not admit any metric of positive scalar curvature. On the other hand for a foliated 4-manifold M , we do not know whether the Seiberg-Witten invariant could be the obstruction for manifold admitting a metric with leafwise positive scalar curvature or not. spin foliation. We fix one spinc structure s. Assume that the foliation is of P.S.C., and one of the leaf is a closed surface Σ, with zero intersection number. If either of the following conditions happen,
then the Seiberg-Witten invariant vanishes.
For a foliated manifold, a notion of bundle-like metric was firstly posted by B.L. Reinhart [11] . Let F be an integrable subbundle of the tangent vector bundle T M of a smooth Riemannian manifold (M, g). Then, we have the associated foliation F . The metric has the splitting
and isomorphism
where Q denotes the quotient T M/F . Q inherits a metric g Q = g F ⊥ . We say g Q is bundle-like, if
here L v denotes the Lie-derivative associated with v. It became one of the main topics in the study of geometric foliation. The foliated manifolds with bundle-like metrics are studied by many people such as A. M. Naveira [8] , J. S. Pasternack [10] , B. L. Reinhart [12] et al. By the work of E. S. Carbon [1] , we know that the set of all bundle-like metrics on a compact foliated manifold is a differentiable infinite dimensional manifold. However we do not know when this set is non-empty. If we focus on the rank-2 foliated closed oriented 4-manifold with positive scalar curvature, then the Seiberg-Witten invariant is an obstruction for such a manifold admitting a bundle-like metric. That is to say we have the following theorem. Theorem 1.4 For any closed oriented Riemannian 4-manifold (M, g) with a rank-2 foliation of positive scalar curvature, moreover we assume that b + ≥ 2, then we have that the Seiberg-Witten invariant of M is not zero for any spinc structure, M can not admit a bundle like metric.
The structure of this paper is as follows: in Section 1, we will introduce the some properties of scalar curvature of the bundle-like metric; in Section 2, we will show how to prove the above two theorems. These two sections are independent to each other.
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where A is the connection on the determinant line bundle of this spinc structure s.
Here we give an introduction to the classical Seiberg-Witten theory, one can reference [9, Chaper 3,4] for more details. For (A, Φ) ∈ A × Γ(S + ), we define Seiberg-Witten equation,
where
2 1 and we used the identification
between the self-adjoint two forms and traceless endomorphism of S + .
The moduli space (s) is the space of solution (A, Φ) modulo the action of gauge group
. We can also perturb the equations, by adding a self-dual two-form η, namely
we write M η (s) for the perturbed moduli space. The formal dimension of the moduli space M η (s) for the spinc structure s is
where e(M ) denotes the Euler number and σ(M ) denotes the signature.
The basic results about the moduli space are:
1. The moduli space M η (s) is compact.
The orientation of the
For an open dense set of the perturbation η, the moduli space consists of irreducible solutions, i.e. Φ = 0 and it is a smooth manifold
By fixing a orientation of the moduli space, we define the Seibeg-Witten invariant to be zero, if the formal dimension is odd or less than zero, otherwise the Seibeg-Witten invariant s is to be the following,
where µ denotes the the first Chern class of the canonically associated principal S 1 -bundle, i.e.
the solution modulo the gauge group G 0 = {u ∈ G u(x 0 ) ≡ 1}, where x 0 ∈ M is a fixed point. If b + (M ) > 1, then it is known that the moduli space is generically independent on the choice of the perturbation and the metric. In this case, we often omit the subscript of the perturbation.
For theorem 1.3, the second statement follows from the result of Froyshov's work [3] . Therefore, we just give a proof for the first statement. Proof Let Y ⊂ M be the copy of S 1 × Σ, as the self-intersection number vanishes. For simplicity, let g y be the product metric on Y , such that S 1 has length 1 and the volume of Y is 1, moreover we assume that (Y, g y ) has constant scalar curvature. Consider a family of metrics g T containing the cylindrical piece [−T, T ] × Y with the metric dt 2 + g Y , which is independent of T on the complement. By Gauss-Bonnet theorem, we have
for the metric g T . Let A be a spinc connection, on {t} × Y , we have
By [5, Corollary 4.5.3], we have
The identity implies that
It is clear that the first term on the right hand side of the above inequality is independent of the metric, which implies that
The condition that this compact leaf admits a positive scalar metric implies that this χ(Σ) = 2, hence contradicts to our condition
3 Bundle like metric and it obstruction on 4-manifold Let M be a closed oriented smooth manifold of dimension n endowed with a foliation F , given a metric g Q on T M/F . Recall that g Q is bundle like, if
for any e ∈ Γ(F ). Define
we denote by ∇ β its associated Levi-Civita connection and the metric of g 0 .
Lemma 3.1 By the straightforward calculation, for e i ∈ Γ(F ), f i ∈ Γ(F 1 ), we have that
Theorem 3.2 The scalar curvature Scal β associated with the metric g β can be expressed
Proof For e i , e j ∈ Γ(F ), we get
. Similarly, for f i , f j ∈ Γ(Q), we have
From the above three formulas, one gets the desired result. On the maximal point of |Ψ| 2 , one gets that it must be zero for the positive scalar curvature, which implies that vanishing of the Seiberg-Witten invariant.
